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1. Introduction 

A (symmetric) Frobenius algebra which is an associative algebra with a (symmetric) non¬ 
degenerate invariant bilinear form is an important object in both mathematics and mathemat¬ 
ical physics. It plays a key role in the study of many topics, such as statistical models over 
2-dimensional graphs and topological quantum field theory |19) . On the other hand, a non¬ 
degenerate Connes cocycle is an associative algebra with a non-degenerate antisymmetric bilinear 
form being a cyclic 1-cocyle in the sense of Connes m It corresponds to the original definition of 
cyclic cohomology by Connes and hence is important in the study of noncommutative geometry. 

However, it is not easy to construct Frobenius algebras or non-degenerate Connes cocycles 
explicitly, that is, both the explicit examples of Frobenius algebras and non-degenerate Connes 
cocycles are lacked. In , some special constructions (namely, double constructions) of both two 
objects were given in terms of bialgebra structures and certain algebraic equations. In particular, 
it provides an approach to construct both (symmetric) Frobenius algebras and non-degenerate 
Connes cocycles from solving certain algebraic equations. Explicitly, a (symmetric) Frobenius al¬ 
gebra can be obtained from an anti-symmetric solution of associative Yang-Baxter equation in an 
associative algebra, whereas a non-degenerate Connes cocycle can be obtained from a symmetric 
solution of D-equation in a dendriform algebra which is the underlying algebraic structure of a 
non-degenerate Connes cocycle. Note that both associative Yang-Baxter equation and dendriform 
algebras appeared more early in some other fields. For example, the associative Yang-Baxter 
equation was introduced by Aguiar [l] to study the cases of principal derivations for the infinites¬ 
imal bialgebras given by Joni and Rota |18| to provide an algebraic framework for the calculus of 
divided difference, whereas dendriform algebras were introduced by Loday |20| with motivation 
from algebraic K-theory and were studied quite extensively with connections to several areas in 
mathematics and physics, like operads [22], homology m, ffu, arithmetics m and quantum 
field theory [13] . 
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In this paper, under the above framework, we will give the explicit study in low dimensions. 
The paper is organized as follows. In Section 2, we give some basic notions and results on the 
double constructions of Frobenius algebras and Connes cocycles. In Section 3, we give the ex¬ 
plicit study in dimension I. Specifically, given 1—dimensional associative algebras, we explicitly 
solve associative Yang-Baxter equations and use skew-symmetric solutions to perform double con¬ 
structions of Frobenius algebras. Then, we determine related compatible dendriform algebras and 
solutions of their /^-equations. Finally, using symmetric solutions of the latter equations, we pro¬ 
ceed to double constructions of corresponding Connes cocycles. In Section 4, similar calculations 
are performed in dimension 2. In Section 5, we give some concluding remarks. 

2. Preliminaries 

In this section, we give a quick overview on main definitions and fundamental results essentially 
known from [^. See also m, m- [29], uni and m and the references therein. 

Definition 2.1. A bilinear form S(-, •) on an associative algebra A is invariant if 
B(xy, z) = B(x, yz) for all x,y,z G A. 

Definition 2.2. An antisymmetric bilinear form to, ■) on an associative algebra A is a cyclic 
1-cocycle in the sense of Connes if 

u}{xy, z) -I- ujijjz, x) + uj(zx, y) = 0 for all x,y,z G A. (2.1) 

For simplicity, uj is called a Connes cocycle. 

Definition 2.3. A Frobenius algebra {A,B) is an associative algebra A with a non-degenerate 
invariant bilinear form B(-,-). It is symmetric if B is symmetric. 

Definition 2.4. We call {A,B) a double construction of a (symmetric) Frobenius algebra 
associated to Ai and A^ if it satisfies the conditions 

(1) A = Ai (B Al as the direct sum of vector spaces; 

(2) Ai and Al are associative subalgebras of A; 

(3) B is the natural symmetric bilinear form on Ai © Al given by 

B{x + a*, ?/ + 6*) = (x, b*) + (a*, y) for all x,y G Ai,a*,b* G Al, (2.2) 

where (,) is the natural pair between the vector space Ai and its dual space Al. 

We call (-4,0;) a Connes cocycle associated to Ai and Al if it satisfies the conditions (1), (2) 

and 

(4) tv is the natural antisymmetric bilinear form on Ai © Al given by 

uj{x + a*,y + b*) = —{x, b*) + (a*, y) for all x,y G -4i, a*, h* G Al, (2.3) 

and UJ is a Connes cocycle on A. 

Let us now give some notations useful in the sequel. Let A be an associative algebra. 

Considering the representations of the left L and right R multiplication operations defined as: 


L:A - 

-A 0[(-4) 



X 1 — 

-A L,-. ^ 

-A A 

(2.4) 


y >- 

-A x-y, 

R:A - 

-A 0[(-4) 



X 1 — 

bD 

H 

T 1 

-A .4 
-A yx. 

(2.5) 


The dual maps L*,R* of the linear maps L,R, are defined, respectively, as: L*,R* : A ^ sK-^*) 
such that: 
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: A - 

g[(A*) 

A’ 

X 1 — 

_v r * . 


: A - 

sM*) 

A* 

X 1 — 

- u* 


A* 

L*u* : 


A 


V 


K 

{Llu*,v) := {u*,L^v ), 


R*u* : 



K 

{R*u*,v) 


{u*,R^v), 


for all x,v € A,u* € A*, where A* is the dual space of A. 

Let a ■. A® A ^ A® Ahe the exchange operator defined as 


( 2 . 6 ) 


(2.7) 


a{x ® y) = y ® X, 


for all x,y € A. 

An associative Yang-Baxter equation (AYBE) in the associative algebra A is defined by 

ri2ri3 + ri3r23 - r23ri2 = 0, (2.8) 

where r = ^ ■ Xi®yi & A® A and 

?'i2Ti3 = ^ XiXj ®yi® yj, 
hi 


r 13X23 ='^Xi®Xj® yiyj, 

i,j 

T23?'12 = '^Xj® Xiyj ® yi. 

Definition 2.5. Let Vi, V 2 &e two vector spaces. For a linear map : Vi ^ V 27 we denote 
the dual (linear) map by (jf : V 2 V* given by 

{v,(t)*(u*)) = {(j){v),u*) 

for all V GVi, u* GVf. 

Definition 2.6. Let A be an associative algebra. An antisymmetric infinitesimal bial¬ 
gebra structure on A is a linear map IS. : A ^ A® A such that 

(1) A* : A* (8> A* — >■ A* defines an associative algebra structure on A*; 

(2) A satisfies the following equations: 

A{x ■ y) = (id ® L(x))A(y) + (R(y) ® id)A(x), (2.9) 

{L{y) ® id — id ® R{y))A(x) 

+a\(L{x) ® id — id ® R(x))A(y)] = 0, (2-10) 

for all x,y G A. 

We denote this bialgebra structure by (A, A) or (A, A*). 

Theorem 2.7. Let (A,-) and (A*,o) be two associative algebras. Then, the following condi¬ 
tions are equivalent: 

(1) there is a double construction of a Frobenius algebra associated with (A,-) and (A*,o); 

(2) (A, A*) is an antisymmetric infinitesimal bialgebra. 
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Corollary 2.8. Let A be an associative algebra and r G A'^ A. Suppose that r is antisym¬ 
metric. Then the map A defined by 

A{x) = {id 0 L{x) — R{x) ® id)r for all x G A (2-11) 

induces an associative algebra structure on A* such that {A, A*) is an antisymmetric infinitesimal 
bialgebra if i2.8\} is satisfied. 

Proposition 2.9. Let (.A, •) be an associative algebra and let r £ A® A be an antisymmetric 
solution of the associative Yang-Baxter equation in A. Then, the corresponding double construction 
of Frobenius algebra {AV{A), *) associated to A and A* is given from the product in A as follows: 

a* *b* =a*ob* = R*ir{a*))b* + L*{r{b*))a*, (2.12) 

x*a* =x- r{a*) - r{R*{x)a*) + R*{x)a*, (2.13) 

a* * X = r(a*) ■ x — r(L*(x)a*) + L*{x)a*, (2-14) 

for any x G A, a* ,b* G A*. 

Definition 2.10. Let A be a vector space with two bilinear products denoted by -< and >-. 
Then {A, -<, y) is called a dendriform algebra if, for any x,y, z G A, 

{x <y) ^ z = X < {y * z), 

(xFy) ^ z = x>- {y ^ z), 

X F {y Y z) = {x * y) y z, 

where x*y = x^y-\-x>-y. 

Let (A, ;^) be a dendriform algebra. For any x G A, let Ly{x),Ry{x) and L^{x), 

R^{x) denote the left and right multiplication operators of (A, ^) and (A, y), respectively: 

Ly{x)y = x >- y,Ry{x)y = y >- x,L^{x)y = x ^ y,R^{x)y = y < x, 

for all x,y G A. Moreover, let Ly, Ry, L^, R^ : A —> gl{A) be four linear maps with x i-A 
Ly{x),x i-A Ry{x),x I—>• L^{x), and x i—)• Ry{x), respectively. It is known that the product given 
by 

x*y = x~<y-\-x)^y, for all a:, j/ S A, (2-15) 

defines an associative algebra. We call (A, *) the associated associative algebra of (A, ^, >-) and 
(A, ;^, ^) is called a compatible dendriform algebra structure on the associative algebra (A, *). 

Theorem 2.11. Let (A,*) be an associative algebra and let uj be a non-degenerate Cannes 
cocycle. Then, there exists a compatible dendriform algebra structure on A given by 

uj(x y y,z) = u:(y, z * x), uj(x y y,z) = uj(x, y * z) for all x,y G A. (2-16) 

Corollary 2.12. Let {T{A) = A &o A*,a;) be a double construction of the Cannes cocycle. 
Then, there exists a compatible dendriform algebra structure y,y,on T{A) defined by the equation 
\2.1b]) . Moreover, A and A*, endowed with this product, are dendriform subalgebras. 

Definition 2.13. Let A be a vector space. A dendriform D-bialgebra structure on A is a 
set of linear maps {A^,Ay,/3y^,Py) given by : A —>■ A 0 A, fiy : A* ^ A* ® A*, 

such that 

(a) (A^, A^) : A* 0 A* — >• A* defines a dendriform algebra structure (;^a*; ^.4*) on A*; 

(b) (/?;,/?;) : A 0 A —>■ A defines a dendriform algebra structure {yA, Fa) on A; 

(c) the following equations are satisfied 

Ay{x*Ay) = (id0L^^(a:))A^(y) + (i?^(y) 0id)A^(y), 

A^(a: =1=^ y) = {id®Ly_^{x))Ay{y) + (i?^^(j/) 0 id)A^(i/), 

*A- b*) = {id®L^^,ia*))PAb*) + (i?^.(6*) 0 id)^^(a*) 


(2.17) 

(2.18) 
(2.19) 
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Py{a* b*) = {id®LA-{a*))Py{b*) + ®id)/?^(a*), (2.20) 

{LA{x)®\d-\d®R-^^{x))l:^-^{y) +cr[(L^^(j/) (8> (-id) 0 i?^(j/))A^(y)] = 0, (2.21) 

(L^.(a*) ® id - (a*))/3^(6*) + (t[(L^^. {b*) ® {-id) ® RA>ib*))Py{a*)] = 0, (2.22) 

hold for any x,y € A and a* A* G where La = 'LR^at ^a* = 


We also denote it by {A,A*,Ay,A^,Py,/3^) or simply {A,A*). 


Theorem 2.14. Let {A, -<a, >-a) and (A*, -<a*, >a*) be two dendriform algebras. Let {A, *a) 
and (A*,*^.) be the associated associative algebras, respectively. Then, the following conditions 
are equivalent: 

(1) there is a double construction of the Connes cocycle associated with {A, *a) xnd {A*, *a*)/ 

(2) {A, A*) is a dendriform D—bialgebra. 

Corollary 2.15. Let (.A, )-,-<) be a dendriform algebra and r € A'^ A. Suppose that r is 
symmetric and r satisfies the equation 


ri2 * ?’13 = ri3 -< r23 + r23 >- ri2. 

Then, the maps Ay and are defined, respectively, by 

Ay{x) = {id ® L{x) — Ry^{x) ® id)ry, 

A^(x) = {id® Ly{x) — R{x) ®id)ry^,'ix € A, 


(2.23) 


(2.24) 

where ry = —r and ry^ = r induce a dendriform algebra structure on A* such that {A, A*) is a 
dendriform D-bialgebra. Equation i2.23\) is called a D-equation in A. 

Proposition 2.16. Let {A, >-, -<) be a dendriform algebra and let r € A ® A be a symmetric 
solution of the D-equation in A. Then, the corresponding double construction of Connes cocycle 
associated to A and A* is given from the products in A as follows: 


a* -<b* = 

-R*y{r{a*))b* + L*{r{b*))a*, 

a* >-b* = 

R*{r{a*))b* -L*^{r{b*))a*, 

a* *b* = 

a*>b*+a* ^b* = R*Jr{a*))b* + Ll{r{b*))a* 

X >- a* = 

X >- r{a*) — r{R*{x)a*) -|- R*{x)a*, 

X < a* = 

X -< r{a*) -\- r{Ry {x)a* ) — Ry {x)a*, 

X * a* = 

X * r{a*) — r{R'{^{x)a*) -\- R*^{x)a*, 

a* >- X = 

r{a*) X -\- r{L*^{x)a*) — L*^{x)a*, 

a* < X = 

r{a*) -< X — r{L*{x)a*) -\- L*{x)a*, 

a* * X = 

for any x G A, a*, b* G A*. 

r{a*) * X — r{Ly{x)a*) -\- Ly{x)a* 


(2.25) 


In the sequel, unless otherwise stated, all the parameters belong to the complex field C. 

3. 1-dimensional associative algebras 

In this section, we investigate the solutions of the associative Yang-Baxter equation, dendri¬ 
form algebras structures and classify the solutions of H-equations in the case of 1—dimensional 
associative algebras. 

3.1. Solutions of the associative Yang-Bauxter equation. Let {A,-) be an associative 
algebra with a basis {ei} and r = and ® ei € A® A. Then the AYBE becomes 

aL(ei • Cl 0 ei 0 ei -f Cl 0 ei C) ei • ei — Cl ® ei • ei 0 ei) = 0. 

Proposition 3.1. There are only two non-isomorphic 1—dimensional associative algebras. 
The solutions of the corresponding associative Yang-Baxter equation are given in Table 1. 
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Table 1; Solutions of the 1—dimensional associative Yang-Baxter equation. 


Associative algebra A 

Solutions of the A YBE 

0 

II 

r = aiiCi (g) ei 

A 2 : ei ■ ei = ei 

r = 0 


3.1.1. Antisymmetric solutions and Frohenius algebra structures. Using the Proposition 12.91 
we obtain the results presented in Table 2. 

Table 2: Antisymmetric solutions and Frobenius algebra structures of 1— dimensional 


associative algebras. 


Associative algebra A 

Antisymmetric solutions 

Frobenius algebra structures over A® A* 

Ai 

r = 0 

ei * ei = ei * e\ = e\ * ei = D 

A 2 

r = 0 

ei * Cl = ei; ei * e* = * ei = e* 


3.2. Dendriform algebra structures and classification of solutions of the D-equation. 

Proposition 3.2. The compatible dendriform algebra structures in 1-dimensional associative 
algebras and related solutions of D-equations are given in Table 3. 

Table 3.' The 1 —dimensional dendriform algebras and classification of solutions of D-equations. 


Associative 

Dendriform 

Solutions of 

algebra A 

algebra structures 

D-equation 

Ai: ei • ei = 0 

D{: ei ^ ei = ei ei = 0 

r = and ® ei 

A 2 : Cl • Cl = ei 

Df - Cl Cl = Aci; Cl ^ Cl = (1 — A)6 i/ a = 0,1 

r = aiiei ® ei 


Proof Let us consider the associative algebra A2. We set ei ei = aei;ei -< ei = bei. 
Since ei • ei = ei, then a + 6 = 1. Moreover, we have the equations 

(ei ^ ei) ^ ei = ei ^ (ei • ei), 

(ei ^ ei) ^ ei = ei ^ (ei ^ ei), 
ei (ei ei) = (ei • ei) ei 

which give ab = 0]ab = ba and a(a — 1) = 0, respectively. Then, we obtain a = 0 and 6 = 1 or 
a = 1 and 6 = 0 yielding the compatible dendriform algebra structures on A 2 . The solutions of 
D-equations in these dendriform algebras are given by direct computation. □ 

3.2.1. Symmetric solutions and Cannes cocycles structures. Using the Proposition 12.161 we 
obtain the following results in Table 4, where Dj, i,j G N*, means the i — th dendriform class 
associated with the j — th class of associative algebra. 


Table 4: Symmetric solutions and Connes cocycles of 1— dimensional associative algebras. 


Dendriform algebra 

Symmetric solutions 

Connes cocycles over A® A* 

D{ 

aiiCi (g) Cl 

ei * ei = ei * e* = e| * Cl = * e* = 0 

D't 

aiiCi ® Cl 

,ei * e* = —aiie*, e* = 1 = ei = aii(A — l)ei -1- Aef 
61 = 1 = 61 = ei, ei * ej = —onAei -|- (1 — A)e5^; A = 0,1 


4. 2-dimensional associative algebras 

Using a similar approach as in the previous section, we now consider 2—dimensional associative 
algebras. Let (A, •) be an associative algebra with a basis {ei, 62 } and r = j=i G A® A. 

Then, the AYBE (12. 8 L i.e. ri 2 ri 3 -|- ri 3 r 23 — r 23 ri 2 = 0, is satisfied for 

2 

ri2 = ^ aijCi ® Cj (g) 1, 

2 

ri3 = ^ OijCi (g) 1 (g) Cj, 

2 

r23 = ^ Oij 1® a® Cj. 
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4 . 1 . Solutions of the associative Yang-Baxter equation. The classification of 2-dimensional 
complex pre-Lie algebras, including the classification of 2-dimensional complex associative alge¬ 
bras, was performed in [ 9 ]. Then, the 2-dimensional complex associative algebras can be split into 
7 classes [ 4 ]. 

Proposition 4.1. The solutions of the associative Yang-Baxter equation (27^ in 2-dimensional 
assoeiative algebras are given in Table 5. 


Table 5: Solutions of the 2—dimensional associative Yang-Baxter equation. 


Associative algebra A Solutions of the AYBE 

Al : Cl • Cl = 62 

(0 0 \ 
\ 0 022 / 


A2 : 61 -61 = 61,61 -62 = 62 ^ lH ) ’ [ 

0 O12 \ 

021 0 / 

O12 — ~02i yf 0 

Aa: 61 -61 - 61,62 -61 - 62 j / 

0 012 

0 

j 012 = -021 yf 0 

A / 0 012 ' 

Al : 6i • 6i — 6i, 6i • 62 — 62, 1 q q 

62-61—62 1 Q 

)’■ ( oL 0 ) “21 7 ^ 0 ; 

^ 022 7^ 0 

022 / 

As : 6i • Cj = 0;f, j = 1,2 

011 012 

, O21 022 

) 

As : 62 • 62 = 62 

0 0 


At : 61 • 61 = 61; 62 • 62 = 62 

0 0 

0 0 



Proof We set r = j ® G A, where i,j = 1, 2 and G C. Then, by direct 
computation of (12.81) . we get the results. □ 

4.1.1. Antisymmetric solutions and Frobenius algebra structures. Using the Proposition 12.91 
we get the results of Table 6. 

Table 6: Antisymmetric solutions and Frobenius algebra structures of 2—dimensional 


associative algebras. 


Associative 

Antisymmetric 

Frobenius algebra 

algebra A 

solutions 

structures over A © A* 

Al 

r = 0 

61 * 61 = 62; 61 * 62 = 62; 62 * 61 = 61 

to 

01261 0 62 

61 =1= 61 = 61; 61 * 62 = 62; 61 * 6* = 6*; 62 * 61 = 62 


+02162 <8) 61; 

62 * 62 = -01262; 62 * 61 = 0216*; 61 =1= 62 = 02161 


012 = —021 0 

62 * 62 = —01262 + 6*; 62 * 62 = —01262; 61 =1= 61 = 02162 + 6* 

A3 

01261 (g) 62 

61 * 61 = 61; 62 * 61 = 62; 61 * 62 = 62; 61 * 61 = 61 


+02162 g) 61; 

62 * 62 = 02162; 61 * 62 = 02161; 61 * 61 = —01262 + 6* 


012 = -021 y^ 0 

62 * 62 = 02162; 62 * 61 = —01261; 62 * 62 = 02162 + el 

Al 


61 * 61 = 61; 61 * 62 = 62; 62 * 61 = 62; 61 * 61 = el 


r = 0 

Cl ^ 6^ — ^2 ^ “ ^2’ ^2 ^ ~ 

As 

01261 g) 62 

6 i * 6y = 6* * 6* = 6i * 6* = 0 


+02162 g) 61; 
012 = -021 yf 0 

6 * * Cj = 0; i,j = 1,2 

As 

r = 0 

62 * 62 = 62; 62 * 62 = 62; 62 * 62 = 62 

Aj 

r = 0 

61 * 61 = 61; 62 * 62 = 62; 62 * 62 = 62 

61 =1= 61 = 6*; 62 * 62 = 62; 61 * 6* = 61 


4 . 2 . Dendriform algebra structures and classification of solutions of the D-equation. 

The classification of 2—dimensional complex dendriform algebras was firstly studied in [ 28 j . but 
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unfortunately with some mistakes. In fact, there exists a natural anti-isomorphism between den¬ 
driform algebras 

F{x y) = F{y) ^2 F{x), F{x -<i y) = F{y) >-2 F{x). 

So, the dendriform algebras appear in terms of pairs. For example, consider the following dendri¬ 
form algebras given by: 

F>i : ei -<i ei = ei, ei 62 = 62; 

F>2 '■ ei >-2 ei = ei, 62 >-2 ei =62; 

and the map F defined byF(ei) = ei,F'(e2) = 62. We have F{ei ei) = Ci = F{ei) >-2 
F(ei);F(ei 62) = 62 = ^(62) >-2 F{ei). Therefore, there exists an anti-isomrphism between 
the dendriform algebras Di and 02 - By this property, one can classify dendriform algebras. For 
that, let ei,ej € A;i,j = 1,2. Then, 

2 2 

e* • ej = Ci ^ Cj -\-ei >- e^, where e* ^ cLijek, ^ ^ (4.1) 

k^l k^l 

Computing the equation m with the condition a-ej = J 2 l^i{aij+bfj)ek , we get the compatible 
dendriform algebra structures on the associative algebra. The solutions of H-equations in these 
dendriform algebras are then determined by direct computation. There results the following: 


Proposition 4.2. The compatible dendriform algebra structures in 2-dimensional associative 
algebras and the solutions of related D-equations are given in Table 7. 


'.—dimensional dendriform algebras and classification of solutions of the L 

Associative 

Dendriform 

Solutions of 

algebra 

algebra 

D-equation 

A 

structures 


Ai: 

D^ A' ^ 

/DON 

Vo 022 r 


Cl • 61 = 62 6i 61 = (1 - A )62 


A 2 


61 • 61 = 61 


61 • 62 = 62 


0 

021 


0 

022 
0 ai2 
021 O22 


A — 0,021 7^ 0 

O12 7^ O21 


D\: ei 62 = 62 

61 61 = 61 



A = 

“12- 

■012021 



“?1“ 

■O12O21 

( Oil 

0 V 

/ 0 

0 \ 

V 021 

0 ]’ 

V 0 

022 / 


0 0 
021 O 22 

Oil O12 
O21 O22 

021 = 


, O22 7^ 0 

021,022 7^ 0 
012 7^ 0 


D ^: ei >- e 2 = 62 


0 0 

012 \ 



022 ) 

61 ^ 61 = 61 


i Oil 

0 A 


V 0 

0 ) 


{ “ 

012 \ 

021 = 012 7^ 0 


V 021 

022 / 



( 0 

0 \ 

D^: ei <ei = ti 

0 

022 / 


61 ^ 62 = 62 


Oil 

O 2 I 


O12 

O22 


O12 — 021, 011 7^ 0 


u.-| o 
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Associative Dendriform 

algebra algebra 

A structures 

Solutions of 

D-equation 

Dj: 62 ^ ei = 62 

^ f “1 

ei ^ €2 — €2 \ 0 

, f an ai 2 \ 

6i ^ 61 = 6i 

V 021 a22 J 

62 ei = —62 

f On 0 \ 

\ 021 0 J 

1 012 \ , „ 

Q j 012 0 

, 021 = On; 012 = 022 7^ 0 

Dl : 6i ^ 62 = 62 

, ( Oil 

6l 61 = -62 

V 021 

6l ^ 6i = 61 + 62 

/ 0 012 \ 

\ 0 022 / 

“12 ^ / n 

012 = 021 76 0 

022 J 

As-' D\: ei >- ei = 6i 

( 0 

62 ^ 61 = 62 

V 021 

/ 0 Oi 

V 021 02 

1 On 0 \ 

\ 021 0 ) 

^ 021 = 012 7^ 0 
^ ^ 021 = 012,022 7^ 0 

[J j 

( 011 012 \ 0^2 , „ 
62 ^ 61 = 62 021 = O12; 022 = -, On A 0 

V 021 O22 / On 

r .3 /" 0 0 W 0 0 \ 

0%: 61 61 = 61 - 62 „ ; 

V ® “22 / V “21 O22 J 

61 ^ 61 = 62 022 = —021 0 

f 0 012 \ 

62 ^ 61 = 62 ,012 = O21 A 0 

\ O21 022 J 

( On 012 \ 

022 = -O21, 

V O21 O22 J 

012 = —On 

D\ : ei >- e2 — 62 

61 61 = 61 ^ 

( On 012 

61 ^ 62 = -62 

\ 021 022 

62 ^ 61 = 62 

/ 0 012 \ 

\ 0 022 / 

' 0 0 \ 

, 021 O22 / 

\ _/ n O21O12 

On A 0 ;o22 = 

/ On 

A4,: D\: 61 62 = 62 ^ 

( 0 

61-61—61 61 ^ 61 — 61 1 Q 

61 • 62 = 62 62 ^ 61 = 62 ^ 

62 • 61 = 62 

On 0 \ 

0 022 / ’ 

012 \ n 

Q 1 012 7^ 0; 

On 012 \ 

0 0 J 

on,oi2 7^ 0 

61 62 = 62 

( 0 

ei > Cl — ei 1 Q 

( 0 

62 61 = 62 

V 021 

( Oi 

_ Lo 

(0 0 \ 

\ 0 022 J 

Q 1 ,012 7^ 0 

“12 \ / p. 

021 = 012 7^ 0 

022 J 

1 012 \ , „ 

Q j On 7^ 0 
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Associative 

Dendriform 

Solutions of 

algebra 

algebra 

D-equation 

A 

structures 



ei 62 — 62 

ei y ei = 61 

62 ^ 6i = 62 


011 0 
0 022 
0 0 
021 0 
0 012 
0 0 


Dj: ei y 62 — 62 

61 61 = —62 

62 61 = 62 

61 ^ 61 = 61 + 62 


, 021 9 ^ 0 
012 9 ^ 0 


011 0 
0 O22 

Oil O12 

0 0 


012 9 ^ 0 



62 • 62 = 62 


O21 9 ^ 0 
O22 9 ^ 0 
,021 ^ O12 
02I = O12 9^ 0,012 = O22 
012 = 022 0 
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Associative Dendriform 

algebra algebra 

A structures 

DI: ei ei = ei 

62 >- 62 = 62 


D^: 62 ^ 62 = 62 
ei y ei = 61 
-DJ." 61 ^ 62 = —62 
62 ^ 62 = 62 
61 62 = 62 

61 61 = 61 

DI x- 61 ^ 61 = 61 

62 ^ 61 = —A62 
62 61 = A62 

62 62 = 62 

D\: 61 ^ 61 = 61 
62 ^ 61 = —61 
62 61 = 61 

62 >- 62 = 62 

D'j : 61 ^ 61 = 61 

62 ^ 61 = -61 
62 ^ 62 = 61 + 62 
62 >- 61 = 61 
62 >- 62 = —61 

-^8,A- 61 ^ 61 = A62 

61 61 = 61 — A62 

62 62 = 62 

A 0 


Solutions of 
D-equation 


( 

° V 

( ° 

012 A 

V 021 

022 y ’ 

V 021 

022 y 


011 012 
O21 022 


I O 12 = O 22 0 

021 022 / 

011 0 \ / n 

n On 0 

0 022 / 

On = 021 0 022 = 012 


/ On 0 A 

\ 0 022 / 

( On 0 \ 

I 021 0 

7 ^ 0 \ y on 0 

^ 0 022 y ’ I 0 0 

( On 012 \ 

V 0 0 = 

On 012 A 

021 0 j - “11 ^ 

( On 0 A 

021 = a 

V 021 0 / 

Oil 0 A \ oi 


j ,021 = On 7^ 0 

( 0 0 j “11 ^ ® 

^ j On = 012 7^ 0 
021 = On ^ 0 , 012 7^ 0 
1^021= On 7 ^ 0 


( 0 L 


/ On 0 A 

V 021 022 ) ’ 

On 012 A 

0 022 ) “^1 = 

f 0 012 


0 022 j^’“^^^° 

^ ^ , A = — 1 , 021 = On y: 0 

021 = On 7^ 0 , A = 1 ,012 7^ 0 

O12 A / n 

022 = 012 7^ 0 

022 J 

~rO 0“7 T~ 

; 022= 021 76 0 


V 0 022 ; 

0 0 A / 0 0“ 

0 022 / \ 021 022 

f 0 012 A 

n 022 = 

\ 0 022 y 

On 012 A / A 
On A 0;' 

^ 021 022 y 
f 0 012 A 

022 = I 

V 021 022 / 


J 022 = 012 7^ 0 
On 7^ 0; 022 = 021 = 012 
^ 022 = 012 = 021 7^ 0 


On 0 

0 0 


0 0 

0 022 


0 012 

0 022 


O12 = O22 7^ 0 
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Associative Dendriform 

algebra algebra 

A structures 

Cl ^ ei = Ae 2 

62 ^ 62 = 62 
61 61 = 61 — A62 

A ^ 0 

DIq X - 61 ^ 62 = —62 

61 ^ 61 = 61 — A62 

62 ^ 61 = —62 

61 62 = 62 

62 61 = 62 

Cl ei = Ae 2 

62 ^ 62 = 62 

X ^ 0 

^11.A- ei ^ 62 = -62 

61 ^ 61 = 61 — A62 

62 ^ 61 = —62 
62 ^ 62 = 62 

61 62 = 62 

62 61 = 62 

61 ^ 61 = Ae2 

A ^ 0 


Solutions of 
D-eguation 



0 

022 



0 0 
0 022 


012 

0 


012 ^ 0 



0 0 
0 022 


012 

0 


012 ^ 0 


4 . 2 . 1 . Symmetric solutions and Cannes cocycles structures. Using the Proposition 12.161 we 
obtain the results in Table 8, where with*,_7 S N*, means the i-th dendriform class associated 
with the j — th class of associative algebra. 

Table 8 : Symmetric solutions and Connes cocycles structures of 2 —dimensional associative 
algebras. 


Dendriform 

algebra 

structures 

Symmetric 

solutions 

Connes cocycles 
structures over Al © Al* 

Di.x 

02262 ® 62 

61 * 61 = 62; 61 * 62 = A6 i; 62 * 61 = (1 — A)6 i 

D'i 

01161 (g) 61 

Cl * 61 = 61; 61 * 62 = 62; 62 * 61 = 62; 6* = 1 = 62 = —O1162 

61 =1= 61 = -01161; 62 * Cl = -01162; 6j * 61 = el 
el * el = -01161 


02262 ® 62 

Cl * 61 = 61; Cl =1= 62 = 62; 62 * 61 = 62; 


022 ^ 0 

Cl * 63 = —O22C2; 6* * 61 = 61 


01161 ® 61 + 

61 * 61 = 61; 61 * 62 = 62; 6* * 6* = -0116* 


01261 ® 62 + 

61 * 62 = —01261; 63 * 62 = 0226*; 61 * 6* = —O1161 — 01262 


01262 ® 61 + 

Cl * 61 = 01262 + 6*; 62 * 61 = 022C2 + 62; 


02262 ® 62 

012 = 011022 


01261 ® 62+ 

61 = 1 = 61 = 61; 61 = 1 = 62 = 62; Cl * 62 = -0126*; 62 * Cl = -O12C1 


01262 (g) 61 + 

62 * 63 = -0226*; 62 * 62 = -O12C2; Cl * ej = —O12C2 + Cl 


02262 ® 62 
012 ^ 0 

61 + 62 = —022C2 — 012C1; 62 * 61 = 022C2 + 63; 
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Dendriform 

algebra 

structures 


Di 


Symmetric 

solutions 


aiici ( 8 ) ei 

02262 ® 62 


oiici ( 8 > ei + 
01261 ® 62+ 
02162 ® 61 
02262 ® 62 
O2I = 012 


01161 < 8 * 61 


OiiCi 81 61 + 
01261 ® 62 + 
01262 8 61 
02262 8 62 
02I = 012 7^ 0 


02262 8 62 


02262 8 62 
022 7 ^ 0 
oiiei 8 61 


01261 8 62+ 
02162 8 61 
012 = O 21 7^ 0 


02262 8 62 
oiiei 8 61 


01261 8 62+ 
01262 8 61 + 
oiiCi 8 61 + 
02262 8 62 
022 = Oil 
02262 8 62 


02262 8 62 

oiiei 8 61 + 
01261 8 62+ 
01262 8 61 + 
02262 8 62 

011022 = 012; On 7^ 0 


oiiCi 8 61 + 

02262 8 62 


Connes cocycles 
structures over ^ 


61 * 61 = ei; 61 * 62 = 62; 62 * 61 = 62; 61 * 61 = —0116* 

6* * 61 = —oiiej; Cl * e \= 6 * 

61 * 61 = 61; 61 * 62 = 62; 61 =1 ej = 6*; 61 * 62 = —02262 
62 * 61 = 02262 + 62 


61 * 61 = ei; 61 * 62 = 62; 62 * 61 = 0126* 
ej * 62 = —01261; 61 * 61 = 6*; 6* * 61 = —oiiej 
e\* ei = -01161; 6 * * 62 = —01162, 62 * 61 = —01261 
62 * 62 = —01262; 61 * 62 = —02262 — 01261; 

62 * 62 = 01262 + OiiCi + 6 *; 62 * 62 = —02261 


61 * 61 = 61; 61 * 62 = 62; 61 * 61 = 6*; 61 * 62 = 62 
61 * 61 = —01161; 61 * 62 = —01162; 62 * 61 = 62; 61 * 61 = —01161 
61 * 62 = —01162; 62 * 61 = —01162; 62 * 62 = —O1161 — 6* 


61 * 61 = 61; 61 * 62 = 62; 62 * 62 = —01262 
6* * 61 = —0116*; 61 * 6 * = 61; 61 * 61 = —OiiCi 
6* * 62 = —01162; 62 * 62 = —01262 
62 * 61 = ( — 012 + 022)62— 61 + 62 
61 * 62 = (012 — 022)62 + 6* + (oil — 012)61 

_ 62 * 6* = (oil - ai2)el - 01162 _ 

61 * 61 = ei; 61 =1= 62 = 62; 61 * 61 = 61 

6* * 61 = 61; 61 * 62 = —02262 + 61 

62 * 61 = 02262 +62—6* 


61 * 61 = 61; 62 * 61 = 62; 61 * 61 = 61; 62 * 61 = -02262 
61 * 62 = 62 + 02262 

61 * 61 = 61; 62 * 61 = 62; 6* =1 61 = 6*; 61 * 62 = 62 
61 * 61 = —O1161; 62 * 6* = —01162 
61 * 61 = —O1161; 61 * 62 = —O1162 


61 * 61 = 61; 62 * 61 = 62; 61 * 61 = 61 

62 * 61 = —02262; 61 * 62 = 62 + 02262 

61 =1 61 = 61; 62 * 61 = 62; 61 * 61 = 6*; 61 * 62 = 62 
62 * 61 = —01162; 6* * 61 = —Olid 


61 * 61 = 61; 62 * 61 = 62; 61 * 6* = —O1161; 62 * 61 = —01162 
62 * 62 = -01262; 6* * 61 = -O1161; 62 * 6* = 0116* 

62 * 62 = —01262; 61 =1 62 = OiiCl + (012 + 022)62 +61+62 

6* * 61 = 01162 + 6 *; 61 * 62 = ( — On — 012)61 -01162 

_ 62 * 61 = ( — On — 012)61+ ( — 012 — 022)62 — 6 * _ 

61 * 61 = ei; 62 * 61 = 62; 61 * 61 = 61; 62 * 62 = —61 

62 * 62 = 02261 ; 62 * 61 = —61 + 62 ; 61 * 62 = 02262+ 6* + 62 

61 * d = 61; 62 * 61 = 62; 62 * 62 = 02261; 62 * 61 = 62 

61 * 61 = 61 ; 62 * 62 = —61 ; 61 * 62 = 02262 + 62 

61 * 61 = 61; 62 * 61 = 62; Cl =1 61 = —onCi; 62 * 6 * = —01162 

62 * 62 = (022 — 012)61 — 201262; 61 * 62 = —01162 

62 * 6* = —01162; 61 * 62 = -01261 + (012 + 022)62 + 62 

62 * 62 = —01161 — 201262 — 6*; 61 * 6* = —01161 
62 * 61 = —01262 + 62; 6* * 61 = 01261 + 6 * 


61 * 61 — 61; 61 * 62 — 62; 62 * 61 — 62; 62 * 61 — 62 
61 * Cl = —01161; 61 * 62 = —01162; 61 * 62 = —01162 
61 * 62 = 62; 62 * 61 = —01162; 62 * 61 = —01162 

61 * ej = 61; 6* * 61 = —01161 




14 


MAHOUTON NORBERT HOUNKONNOU* AND GBEVEWOU DAMIEN HOUNDEDJit 


Dendriform Symmetric 
algebra solutions 
structures 

oiiei 0 ei 


02262 62 + 
01261 (g) 62 + 

02162 (g 61 


/3 = 0,1 


01161 (g 61+ 
02262 (g 62 


01161 (g 61+ 
02262 (g 62 


01161 (g 61+ 
01261 (g 62+ 
012621 <g 61+ 
02262 g 62; 
01161 g 61 
01161 g 61+ 
02262 g 62 
02262 g 62 


O1161 g 61 + 
01261 g 62 + 
01262 g 61 
02262 g 62 


O1161 g 61 + 
01261 g 62 + 
01262 g 61 
02262 g 62 


Connes cocycles 
structures over ^ 

61 * 61 = 61; 61 * 62 = 62; 63 * 62 = O1161 + 6* 

63 * 61 = 63; 61 * 6* = —O1161 
6* * 6* = -0116^; 63 * 6* = -01163; 62 * 61 = 62 

62 * 6* = —01162; 61 * 62 = -01162; 61 * 61 = 6j 

61 * 61 = 6i;6i * el = -01262; 62 * 63 = —01262 
62 * 61 = 62; 63 =1 62 = 6*; 61 * 63 = —01261 — 02262 

63 * 61 = 63 + 01262; 61 * 61 = 61 — 01262 

61 * 62 = 62; 6* * 63 = -0126*; 63 * 6* = —2oi26* 

63 * 63 = (012 — 022)61 — 01263 

61 * 61 = 61; 61 * 62 = 62; el * el = —01161; 61 * 63 = —01163 

62 * 61 = 62; 6^ * 61 = el ; 63 * 6* = -01163; 61 * 6* = —01161 

61 * 63 = 63; 63 * 61 = 63; 62 * 6* = -01163; 6* 62 = —O1162 

61 * 61 = 61; 61 * 62 = 62; 62 * 61 = 62; 61 4 : 61 = 61 

63 * 63 = -0226*; 6* =1= 63 = —01163; el * el = -0116* 

62 * 6* = —01162; 6* =1= 61 = —O1161; 6j * 62 = -01162 

63 * 63 = 0116* — 01163; 63 * 63 = 01161 - 02262 + 61 

63 * 61 = —0116* + 63 — 6*; 63 * 62 = 01161 + 6* 

6i * ej = e * * ej = 0 
ei * e * = e ** e * = 0 
bi = 1,2; /3 = 0 

6* * 62 = 63; 62 * 6* = -63; /3 = 1 

62 * 62 = 62; 63 * 63 = —02263 
62 * 63 = —02262; 63 * 62 = 63 
62 * 62 = 62; 63 * 62 = 63; 63 * 63 = -02263; 6* =1= 62 = 6^ 

6* * 61 = 02261; 6 * * 61 = 02261; 63 * 61 = -02261 

_ 63 * 63 = —02262; 61 * 61 = —02262 — 63 _ 

62 * 62 = 62; 63 =(= 62 = 63; 6* * 62 = 6*; 61 * 6* = -63 

62 * 61 = —01262; 6* * 61 = O1161; 63 * 61 = 01261 

61 * 63 = -01263 + 01261; 61 * 6* = 0116* 

62 * 62 = 62; 62 * 61 = 6*; 62 * 63 = 63 

_ 63 * 61 = -02261; 61 * 61 = -63 - 02262 _ 

62 * 62 = 62; 63 * 63 = 01263; 62 * 61 = —01262 

62 * 61 = 61 + O1161; 62 * 63 = 63 + 01262 

_ 61 * 61 = -63 - 01261; 61 * 6* = 01163 - 0126* _ 

62 * 62 = 62; 63 * 61 = 61; 63 =»= 63 = -02263 
62 * 63 = -02262; 61 * 63 = —61; 63 4 = 62 = 63 
61 * 61 = 61; 62 * 62 = 62; 63 =1= 6* = -01263; 63 * 63 = -02263 

61 * 63 = —O1161; 61 * 63 = —01261; 62 * 61 = -01263 

62 * 63 = —02262; 61 * 62 = —01262; 63 * 61 = —01261 

Si * Cl = —O1161; 61 * 63 = —01261 
6* * 61 = 01262 + 6*; 63 * 62 = O1261 + 63 
61 * 61 = 61; 62 * 62 = 62; 61 * Ci = —O1161; 61 * 63 = —01261 
e* * 62 = —01262; 63 * 62 = —02262; 61 * 6* = (—Oil — 012)6* 
e* * 6^ = -02261; 63 * 63 = -02263; 6 ^ * 63 = -01263 - 01261 
62 * 6* = —01262 + 6*; 62 * 63 = 01261 + 63 

_ 6* * 61 = -01261 + (012 - 022)62 +61 - 63 _ 

61 * 61 = ei; 62 * 62 = 62; 6* * 6* = —0116*; 63 * 63 = —02263 
61 * 61 = —O1161; 62 * 63 = 63; 61 * 61 = 61; 63 * 62 = —02262 
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Dendriform 

algebra 

structures 

Symmetric 

solutions 

Connes cocycles 
structures over A® A* 

Di 

aiici (g) ei + 

61 * 61 = 61; 62 * 62 = 62; 62 * 6* = —01162; 6* * 62 = -01263 


01261 (g) 62 

61 * 6* = —O1161; 61 * 63 = -01261; 62 *e\ = -0126* 


02162 (g 6i 

6* * 62 = -01262; 62 * 61 = 62; 6j * 6* = -O116* 


021 = Oi2 

62 * 62 = —01262; 6* * 61 = 01262 -1- 61 

62 * 62 = (-Oil + 012)61 - 01262 -61-1-62 

DU 

Oii6i (g 6i 

61 * 61 = 61; 62 * 62 = 62; 61 * 6* = 6*; 61 61 = -OiiCi 

ei !ic 63 = —A62; 61 * 6* = —One*; e* =1= 63 = onAe^ 

62 * 62 = oiiAci -t- Ae^ -f 63 


02262 (g 62 

61 * d = ei; 62 * 62 = 62; 61 * 6* = 6^; 61 * 63 = -022Ae2 

62 * 63 = —02262; 61 * 63 = —Ae2; 63 * 62 = \e\ -|- 63 

62 * 63 = —Ao22ei — 02263 


O1161 (g 61 

61 * 61 = ei; 62 * 62 = 62; 61 * 61 = ej; 62 * ei = —01262 


01261 g 62 

62 * 63 = —02262; 61 =(= 61 = —01161; 6* =t= 62 = —01262 


02162 g 61 

63 * 61 = —01261; 6* * 63 = -01263; 61 * 61 = —01161 


02262 g 62 

63 =(= 6* = -01263; 63 * 63 = -01263 -61-1-62 


O2I = O12 

63 =(= 63 = -0226* -1- ( — 022 — 012)63 

D^ 

O1161 g 61 

61 = 1 = 61 = 61; 62 * 62 = 62; 61 * 6* = -01261 -1-61-63 


01261 g 62 

61 * 63 = —01261; 62 * 6* = —01262; 62 * 63 = —02262 


02162 g 61 

6* * 63 = -01361; 63 =1= 61 = -01261; 6* * 61 = — Oiiei 


02262 g 62 

63 * 63 = ( — 022 — 012)63; ej * 62 = 01161 -|- 01262 -|- 6* 


O2I = O12 = O22 

63 * 6* = -0126* -f 01263; €2* C 2 = 01261 — 01262 -|- 63 

ej * e* = (-On - 012)6* -I- 01163 


O1161 g 61 

61 =1= 61 = 61; 62 * 62 = 62; 62 * 61 = 63; 62 * 63 = 63 

eC * 61 = —onei; e* * 62 = onCi -I- ej — 63 

61 * 61 = 61 — 63; 61 * 61 = —01161 -I- 01163 

Wx 

02262 g 62 

61 =1= 61 = 61; 62 * 62 = 62; 61 * 63 = AeJ; 62 * 63 = -02262 

6* * 61 = 6*; 63 * 61 = — AeJ; 63 * 62 = 63; 63 * 63 = —02263 

Dq^x 

02262 g 62 

61 * ei = ei; 62 * 62 = 62; ei * 63 = Aei; 63 * 62 = —02262 

62 * 63 = 63; 6* * 61 = 6*; 63 * 61 = -Ae*; 63 * 63 = -02263 

D'lo^x 

02262 g 62 

61 * 61 = ei; 62 * 62 = 62; 61 * 63 = -02262 — Aei — 63 

61 * ej = 6*; 63 =1= 63 = -02263; 62 * 63 = -02262 — ej 
e* 62 = et -h e*2] e^ * ei = Ae^ -t 

W^'x 

02262 g 62 

61 * 61 = ei; 62 * 62 = 62; 61 * 63 = —02262 — AeJ — 63 

61 * 6* = ej; 63 * 63 = -02263; 62 * 63 = 63 - 6* 

63 * 62 = -02262 -1- 61 ; 63 * 61 = 02262 -I- Ae* -1- 63 


5 . Concluding remarks 

In this work, we gave an overview of the main concepts, definitions and known fundamental 
results related to the notions of Frobenius algebras, bialgebras, and Connes cocycles. We clas¬ 
sified the solutions of the associative Yang-Baxter equation on complex associative algebras in 
dimensions 1 and 2 . In dimension I, we obtained 2 classes against 7 in dimension 2 . The skew- 
symmetric solutions enabled us to carry out double constructions of the Frobenius algebras of 
these associative algebras. Finally, we obtained all compatible dendriform algebras in dimensions 
1 and 2 , gave a classification of solutions of D-equations and the skew-symmetric Connes cocycles 
associated with symmetric solutions. 
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